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data Pacman = MkPacman Location
data Ghost = MkGhost Location Color
data Candy = MkCandy Location
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class Sprite a where
  create :: Disp -> a -> Disp

class Sprite a => Movable a where
  move :: Disp -> a -> Dir -> Disp

class Sprite a => Attackable a where
  attack :: Disp -> a -> Disp

data Pacman = MkPacman Location
data Ghost = MkGhost Location Color
data Candy = MkCandy Location
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data Pacman = MkPacman Location
data Ghost = MkGhost Location Color
data Candy = MkCandy Location

Sprite
(create)

Movable
(move)

Attackable
(attack)
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addEnemies   :: (Movable a, Attackable a)
=> Disp -> [a] -> Disp

addEnemies d es = foldr create d es

Sprite
(create)

Movable
(move)

Attackable
(attack)
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addEnemies   :: (Movable a, Attackable a)
=> Disp -> [a] -> Disp

addEnemies d es = foldr create d es

Sprite
(create)

Movable
(move)

Attackable
(attack)
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addEnemies   :: (Movable a, Attackable a)
=> Disp -> [a] -> Disp

addEnemies d es = foldr create d es

Sprite
(create)

Movable
(move)

Attackable
(attack)

1
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addEnemies   :: (Movable a, Attackable a)
=> Disp -> [a] -> Disp

addEnemies d es = foldr create d es

Sprite
(create)

Movable
(move)

Attackable
(attack)

21
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Does the
resolution path
 matter?

addEnemies   :: (Movable a, Attackable a)
=> Disp -> [a] -> Disp

addEnemies d es = foldr create d es

Sprite
(create)

Movable
(move)

Attackable
(attack)

21
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Does the
resolution path
 matter?

addEnemies   :: (Movable a, Attackable a)
=> Disp -> [a] -> Disp

addEnemies d es = foldr create d es

Sprite
(create)

Movable
(move)

Attackable
(attack)

21
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Coherence for Haskell!
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Coherence for Haskell!
Type Class Resolution
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Coherence for Haskell!
Type Class Resolution

Haskell, Mercury, PureScript, etc.
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+ Coherence of 
type class resolution

+ Proof technique
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+ Coherence of 
type class resolution

+ Proof technique
+ ICFP paper?
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Source
F{ }λTC

(Type classes)

Target
(Dictionaries)
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class Show a where
  show :: a -> String
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instance Show Int where
  show = showInt

instance Show a => Show [a] where
  show = concatMap show

class Show a where
  show :: a -> String

21



shout :: Show a => a -> String
shout x = show x ++ “!”

22



shout :: {show :: a -> String}
          -> a -> String
shout ds x = ds.show x ++ “!”

shout :: Show a => a -> String
shout x = show x ++ “!”
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shout :: {show :: a -> String}
          -> a -> String
shout ds x = ds.show x ++ “!”

shout :: Show a => a -> String
shout x = show x ++ “!”

shout [1,2,3]
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shout :: {show :: a -> String}
          -> a -> String
shout ds x = ds.show x ++ “!”

shout ??? [1,2,3]

shout :: Show a => a -> String
shout x = show x ++ “!”

shout [1,2,3]
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Wanted : Solved : 

inst Show Int where
  show = showInt
inst Show a => Show [a] where
  show = concatMap show

Show [Int]

shout :: {show :: a -> String} 
          -> a -> String

shout ??? [1,2,3]
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Wanted : Solved : 

inst Show Int where
  show = showInt
inst Show a => Show [a] where
  show = concatMap show

Show [Int]

shout :: {show :: a -> String} 
          -> a -> String

shout ??? [1,2,3]

27



Wanted : Solved : 

inst Show Int where
  show = showInt
inst Show a => Show [a] where
  show = concatMap show

{show = (\ d -> 
  concatMap d.show) ??? }Show [Int]

shout :: {show :: a -> String} 
          -> a -> String

shout ??? [1,2,3]
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Show Int

Wanted : Solved : 

inst Show Int where
  show = showInt
inst Show a => Show [a] where
  show = concatMap show

{show = (\ d -> 
  concatMap d.show) ??? }Show [Int]

shout :: {show :: a -> String} 
          -> a -> String

shout ??? [1,2,3]
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Show Int

Wanted : Solved : 

inst Show Int where
  show = showInt
inst Show a => Show [a] where
  show = concatMap show

{show = (\ d -> 
  concatMap d.show) ??? }Show [Int]

shout :: {show :: a -> String} 
          -> a -> String

shout ??? [1,2,3]
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Show Int {show = showInt}

Wanted : Solved : 

inst Show Int where
  show = showInt
inst Show a => Show [a] where
  show = concatMap show

{show = (\ d -> 
  concatMap d.show) ??? }Show [Int]

shout :: {show :: a -> String} 
          -> a -> String

shout ??? [1,2,3]
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Show Int {show = showInt}

Wanted : Solved : 

inst Show Int where
  show = showInt
inst Show a => Show [a] where
  show = concatMap show

{show = (\ d -> 
  concatMap d.show) ??? }Show [Int]

shout :: {show :: a -> String} 
          -> a -> String

shout ??? [1,2,3]
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class Eq a where
  (==) :: a -> a -> Bool

class Eq a => Ord a where
  (<=) :: a -> a -> Bool
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instance Eq Int where
  (==) = eqInt

instance Ord Int where
  (<=) = leInt

class Eq a where
  (==) :: a -> a -> Bool

class Eq a => Ord a where
  (<=) :: a -> a -> Bool
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f :: Ord a => a -> a -> Bool
f x y = … (==) x y …
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f :: {(<=) :: a -> a -> Bool} -> 
     {(==) :: a -> a -> Bool} -> 
     a -> a -> Bool
f do de x y = … de.(==) x y ...

 

f :: Ord a => a -> a -> Bool
f x y = … (==) x y …
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f :: {(<=) :: a -> a -> Bool} -> 
     {(==) :: a -> a -> Bool} -> 
     a -> a -> Bool
f do de x y = … de.(==) x y ...

 

f :: Ord a => a -> a -> Bool
f x y = … (==) x y …

f 42 42
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f :: {(<=) :: a -> a -> Bool} -> 
     {(==) :: a -> a -> Bool} -> 
     a -> a -> Bool
f do de x y = … de.(==) x y ...

f ??? ??? 
42 42

f :: Ord a => a -> a -> Bool
f x y = … (==) x y …

f 42 42
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Wanted : Solved : 

inst Eq Int where
  (==) = eqInt

inst Ord Int where
  (<=) = leInt

Ord Int

f :: {(<=) :: a -> a -> Bool} -> 
     {(==) :: a -> a -> Bool} -> 
     a -> a -> Bool
f ??? ???
42 42
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Wanted : Solved : 

inst Eq Int where
  (==) = eqInt

inst Ord Int where
  (<=) = leInt

Ord Int

f :: {(<=) :: a -> a -> Bool} -> 
     {(==) :: a -> a -> Bool} -> 
     a -> a -> Bool
f ??? ???
42 42
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Wanted : Solved : 

inst Eq Int where
  (==) = eqInt

inst Ord Int where
  (<=) = leInt

{(<=) = leInt}Ord Int

f :: {(<=) :: a -> a -> Bool} -> 
     {(==) :: a -> a -> Bool} -> 
     a -> a -> Bool
f ??? ???
42 42
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Wanted : Solved : 

inst Eq Int where
  (==) = eqInt

inst Ord Int where
  (<=) = leInt

Eq Int

f :: {(<=) :: a -> a -> Bool} -> 
     {(==) :: a -> a -> Bool} -> 
     a -> a -> Bool
f {(<=) = leInt} ???
42 42

42



Wanted : Solved : 

inst Eq Int where
  (==) = eqInt

inst Ord Int where
  (<=) = leInt

Eq Int

f :: {(<=) :: a -> a -> Bool} -> 
     {(==) :: a -> a -> Bool} -> 
     a -> a -> Bool
f {(<=) = leInt} ???
42 42
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Wanted : Solved : 

inst Eq Int where
  (==) = eqInt

inst Ord Int where
  (<=) = leInt

{(==) = eqInt}Eq Int

f :: {(<=) :: a -> a -> Bool} -> 
     {(==) :: a -> a -> Bool} -> 
     a -> a -> Bool
f {(<=) = leInt} ???
42 42
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Wanted : Solved : 

inst Eq Int where
  (==) = eqInt

inst Ord Int where
  (<=) = leInt

f :: {(<=) :: a -> a -> Bool} -> 
     {(==) :: a -> a -> Bool} -> 
     a -> a -> Bool
f {(<=) = leInt} {(==) = eqInt}  42 
42
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F{ }
addEnemies :: 
  (Movable a, Attackable a) => 
  Disp -> [a] -> Disp
addEnemies d es
  = foldr create d es

λTC
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F{ }
addEnemies :: 
  (Movable a, Attackable a) => 
  Disp -> [a] -> Disp
addEnemies d es
  = foldr create d es

λTC

Sprite
(create)

Movable
(move)

Attackable
(attack)
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addEnemies :: 
  {move :: … } ->

  {create :: … } ->

  {attack :: … } ->

  {create :: … } ->

  Disp -> [a] -> Disp

F{ }λTC
addEnemies :: 
  (Movable a, Attackable a) => 
  Disp -> [a] -> Disp
addEnemies d es
  = foldr create d es

Sprite
(create)

Movable
(move)

Attackable
(attack)
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addEnemies :: 
  {move :: … } ->

  {create :: … } ->

  {attack :: … } ->

  {create :: … } ->

  Disp -> [a] -> Disp

addEnemies 
  recM recS recA recS’ d es
  = foldr ???.create d es

F{ }λTC
addEnemies :: 
  (Movable a, Attackable a) => 
  Disp -> [a] -> Disp
addEnemies d es
  = foldr create d es

Sprite
(create)

Movable
(move)

Attackable
(attack)
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addEnemies :: 
  {move :: … } ->

  {create :: … } ->

  {attack :: … } ->

  {create :: … } ->

  Disp -> [a] -> Disp

addEnemies 
  recM recS recA recS’ d es
  = foldr recS.create d es

F{ }λTC
addEnemies :: 
  (Movable a, Attackable a) => 
  Disp -> [a] -> Disp
addEnemies d es
  = foldr create d es

1

Sprite
(create)

Movable
(move)

Attackable
(attack)

50



addEnemies :: 
  {move :: … } ->

  {create :: … } ->

  {attack :: … } ->

  {create :: … } ->

  Disp -> [a] -> Disp

addEnemies 
  recM recS recA recS’ d es
  = foldr recS’.create d es

F{ }λTC
addEnemies :: 
  (Movable a, Attackable a) => 
  Disp -> [a] -> Disp
addEnemies d es
  = foldr create d es

1 2

Sprite
(create)

Movable
(move)

Attackable
(attack)
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addEnemies :: 
  {move :: … } ->

  {create :: … } ->

  {attack :: … } ->

  {create :: … } ->

  Disp -> [a] -> Disp

add_enemies 
  recM recS recA recS’ d es
  = foldr recS’.create d es

F{ }λTC

?

addEnemies :: 
  (Movable a, Attackable a) => 
  Disp -> [a] -> Disp
addEnemies d es
  = foldr create d es

1 2

Sprite
(create)

Movable
(move)

Attackable
(attack)

recS = recS’?
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instance Sprite Pacman 
instance Sprite Ghost 
instance Sprite Candy 

instance Movable Pacman 
instance Movable Ghost 

instance Attackable Pacman 
instance Attackable Ghost
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instance Sprite Pacman 
instance Sprite Ghost 
instance Sprite Candy 
instance Sprite Ghost
instance Movable Pacman 
instance Movable Ghost 

instance Attackable Pacman 
instance Attackable Ghost
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instance Sprite Pacman 
instance Sprite Ghost 
instance Sprite Candy 
instance Sprite Ghost
instance Movable Pacman 
instance Movable Ghost 

instance Attackable Pacman 
instance Attackable Ghost

Non-overlapping 
Instances
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Coherence for Haskell!
Type Class Resolution

+ Non-overlapping Instances
Haskell, Mercury, PureScript, etc.
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instance Sprite Pacman 
instance Sprite Ghost 
instance Sprite Candy 

instance Movable Pacman 
instance Movable Ghost 

instance Attackable Pacman 
instance Attackable Ghost

How to express 
this in a proof?
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instance Sprite Pacman 
instance Sprite Ghost 
instance Sprite Candy 

instance Movable Pacman 
instance Movable Ghost 

instance Attackable Pacman 
instance Attackable Ghost

Type Method Impl

Sprite Pacman create ...

Sprite Ghost create ...

Sprite Candy create ...

Movable Pacman move ...

Movable Ghost move ...

Attackable Pacman attack ...

Attackable Ghost attack ...



instance Sprite Pacman 
instance Sprite Ghost 
instance Sprite Candy 

instance Movable Pacman 
instance Movable Ghost 

instance Attackable Pacman 
instance Attackable Ghost

Type Method Impl

D1 Sprite Pacman create ...

D2 Sprite Ghost create ...

D3 Sprite Candy create ...

D4 Movable Pacman move ...

D5 Movable Ghost move ...

D6 Attackable Pacman attack ...

D7 Attackable Ghost attack ...



Source
F{ }λTC

(Type classes)

Target
(Dictionaries)
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F{ }λTC
Target

(Dictionaries)

F D
Alternative

(Implementation table)

Source
(Type classes)
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inst Show Int where
  show = showInt

inst Show a => Show [a] where
  show = concatMap show

class Show a where
  show :: a -> String
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inst Show Int where
  show = showInt

inst Show a => Show [a] where
  show = concatMap show

class Show a where
  show :: a -> String

Type Method Impl

D1 Show Int show ...

D2 Show a =>
  Show [a] show ...
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shout :: Show a => a -> String
shout x = show x ++ “!”

shout [1,2,3]
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shout :: Show a -> a -> String
shout ds x = ds ↦ show x ++ “!”

shout :: Show a => a -> String
shout x = show x ++ “!”

shout [1,2,3]
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shout :: Show a -> a -> String
shout ds x = ds ↦ show x ++ “!”

shout ??? [1,2,3]

shout :: Show a => a -> String
shout x = show x ++ “!”

shout [1,2,3]
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Type Method Impl

D1 Show Int show ...

D2 Show a =>
  Show [a] show ...

shout :: Show a -> a -> String
shout ds x = ds ↦ show x ++ “!”

shout ??? [1,2,3]
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shout :: Show a -> a -> String
shout ds x = ds ↦ show x ++ “!”

shout (D2 D1) [1,2,3]

Type Method Impl

D1 Show Int show ...

D2 Show a =>
  Show [a] show ...
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shout :: Show a -> a -> String
shout ds x = ds ↦ show x ++ “!”

shout (D2 D1) [1,2,3]

Type Method Impl

D1 Show Int show ...

D2 Show a =>
  Show [a] show ...
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shout :: Show a -> a -> String
shout ds x = ds ↦ show x ++ “!”

shout (D2 D1) [1,2,3]

Type Method Impl

D1 Show Int show ...

D2 Show a =>
  Show [a] show ...
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instance Sprite Pacman 
instance Sprite Ghost 
instance Sprite Candy 

instance Movable Pacman 
instance Movable Ghost 

instance Attackable Pacman 
instance Attackable Ghost
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instance Sprite Pacman 
instance Sprite Ghost 
instance Sprite Candy 

instance Movable Pacman 
instance Movable Ghost 

instance Attackable Pacman 
instance Attackable Ghost

Type Method Impl

D1 Sprite Pacman create ...

D2 Sprite Ghost create ...

D3 Sprite Candy create ...

D4 Movable Pacman move ...

D5 Movable Ghost move ...

D6 Attackable Pacman attack ...

D7 Attackable Ghost attack ...



FDλTC

addEnemies :: 
  (Movable a, Attackable a) => 
  Disp -> [a] -> Disp
addEnemies d es
  = foldr create d es
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addEnemies :: 
  Movable a ->
  Sprite a ->
  Attackable a ->
  Sprite a ->
  Disp -> [a] -> Disp

FDλTC

addEnemies :: 
  (Movable a, Attackable a) => 
  Disp -> [a] -> Disp
addEnemies d es
  = foldr create d es
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addEnemies :: 
  Movable a ->
  Sprite a ->
  Attackable a ->
  Sprite a ->
  Disp -> [a] -> Disp

addEnemies 
  pM pS pA pS’ d es
  = foldr ??? ↦ create d es

FDλTC

addEnemies :: 
  (Movable a, Attackable a) => 
  Disp -> [a] -> Disp
addEnemies d es
  = foldr create d es
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FDλTC

addEnemies :: 
  Movable a ->
  Sprite a ->
  Attackable a ->
  Sprite a ->
  Disp -> [a] -> Disp

addEnemies 
  pM pS pA pS’ d es
  = foldr pS ↦ create d es

addEnemies :: 
  (Movable a, Attackable a) => 
  Disp -> [a] -> Disp
addEnemies d es
  = foldr create d es
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addEnemies :: 
  Movable a ->
  Sprite a ->
  Attackable a ->
  Sprite a ->
  Disp -> [a] -> Disp

addEnemies 
  pM pS pA pS’ d es
  = foldr pS’ ↦ create d es

FDλTC

addEnemies :: 
  (Movable a, Attackable a) => 
  Disp -> [a] -> Disp
addEnemies d es
  = foldr create d es
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addEnemies :: 
  Movable a ->
  Sprite a ->
  Attackable a ->
  Sprite a ->
  Disp -> [a] -> Disp

addEnemies 
  pM pS pA pS’ d es
  = foldr pS’ ↦ create d es

FDλTC

addEnemies :: 
  (Movable a, Attackable a) => 
  Disp -> [a] -> Disp
addEnemies d es
  = foldr create d es

addEnemies disp [gho1, gho2]
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addEnemies :: 
  Movable a ->
  Sprite a ->
  Attackable a ->
  Sprite a ->
  Disp -> [a] -> Disp

addEnemies 
  pM pS pA pS’ d es
  = foldr pS’ ↦ create d es

addEnemies ??? ??? ??? ???
  disp [gho1, gho2]

FDλTC

addEnemies :: 
  (Movable a, Attackable a) => 
  Disp -> [a] -> Disp
addEnemies d es
  = foldr create d es

addEnemies disp [gho1, gho2]

79



addEnemies :: 
  Movable a ->
  Sprite a ->
  Attackable a ->
  Sprite a ->
  Disp -> [a] -> Disp

addEnemies 
  pM pS pA pS’ d es
  = foldr pS’ ↦ create d es

addEnemies ??? ??? ??? ???
  disp [gho1, gho2]

FD

addEnemies :: 
  (Movable a, Attackable a) => 
  Disp -> [a] -> Disp
addEnemies d 
  = map (create d)

addEnemies disp [gho1, gho2]

λTCType Method Impl

D1 Sprite Pacman create ...

D2 Sprite Ghost create ...

D3 Sprite Candy create ...

D4 Movable Pacman move ...

D5 Movable Ghost move ...

D6 Attackable Pacman attack ...

D7 Attackable Ghost attack ...
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addEnemies :: 
  Movable a ->
  Sprite a ->
  Attackable a ->
  Sprite a ->
  Disp -> [a] -> Disp

addEnemies 
  pM pS pA pS’ d es
  = foldr pS’ ↦ create d es

addEnemies D5 D2 D7 D2
  disp [gho1, gho2]

FD

addEnemies :: 
  (Movable a, Attackable a) => 
  Disp -> [a] -> Disp
addEnemies d 
  = map (create d)

addEnemies disp [gho1, gho2]

λTCType Method Impl

D1 Sprite Pacman create ...

D2 Sprite Ghost create ...

D3 Sprite Candy create ...

D4 Movable Pacman move ...

D5 Movable Ghost move ...

D6 Attackable Pacman attack ...

D7 Attackable Ghost attack ...
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F{ }λTC
Target

(Dictionaries)

F D
Alternative

(Implementation table)

Source
(Type classes)
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F{ }λTC
Target

(Dictionaries)

F D
Alternative

(Implementation table)

Source
(Type classes)

Coherence
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F{ }λTC
Target

(Dictionaries)

F D
Intermediate

(Implementation table)

Source
(Type classes)

Coherence
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F{ }λTC
Target

(Dictionaries)

F D

(Implementation table)

Source
(Type classes)

Coherence

Coherence Intermediate
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F{ }λTC
Target

(Dictionaries)

F D

(Implementation table)

Source
(Type classes)

Coherence
De
ter
mi
nis
m

Intermediate

Coherence
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(Dictionaries)

F D

(Implementation table)

Source
(Type classes)

Coherence
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F{ }λTC
Target

(Dictionaries)

F D

(Implementation table)

Source
(Type classes)

Coherence

Intermediate

Equivalence

Coherence
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F{ }λTC
Target

(Dictionaries)

F D

(Implementation table)

Source
(Type classes)

Coherence

Intermediate

Equivalence

De
ter
mi
nis
mCoherence
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E : T

e1 e2
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E : T

e1 e2

v1 ≃ctx v2

contextual
equivalence
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E : T

e1 e2

Step 1
92



Step 1

(     ,     ) ∈ R [T]

E : T

e1 e2
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Step 2

(     ,     ) ∈ R [T]e1 e2
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Step 2

(     ,     ) ∈ R [T]e1 e2

v1 ≃ctx v2

e1 e2
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F{ }λTC
Target

(Dictionaries)

F D

(Implementation table)

Source
(Type classes)

Coherence

Coherence
De
ter
mi
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m

Intermediate

Equivalence
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Months later...



Coherence for Haskell!
Type Class Resolution

+ Non-overlapping Instances

G.J. Bottu ∼ N. Xie ∼ K. Marntirosian ∼ T. Schrijvers
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Game Over


